Results on stability of tautological sheaves on Hilbert schemes of points are extended to higher dimensions and transferred to abelian surfaces and to the restriction of tautological sheaves to generalised Kummer varieties. This provides a big class of new examples of stable sheaves on higher dimensional irreducible symplectic manifolds. Some aspects of deformations of tautological sheaves are studied.
Introduction
Moduli spaces of sheaves on symplectic surfaces play an important role in the construction of irreducible holomorphic symplectic (short: irreducible symplectic) manifolds. A natural question that arises is the following: Can we iterate this process? That is, can we construct new examples of irreducible symplectic manifolds using moduli spaces of sheaves on known higher dimensional irreducible symplectic manifolds such as Hilbert schemes of points on K3 surfaces or generalised Kummer varieties? Certainly it is difficult to answer this question in this generality. On the other hand almost no examples of stable sheaves on higher dimensional irreducible symplectic manifolds had been encountered. In [Sch10] the first example of a rank two stable vector bundle on the Hilbert scheme of two points on a K3 surface was found. In [Wan12] this result was drastically generalised continuing along the following concept: Start with a stable sheaf on a K3 surface, transfer this sheaf to the Hilbert schemes of points using the universal property of the latter and obtain what is called a tautological sheaf and, finally, prove its stability. This article is to be understood as a sequel to [Wan12] . We further extend its results and transfer them to the case of abelian surfaces. The Hilbert scheme of points on an abelian surface contains as a closed subvariety the generalised Kummer variety associated with the surface. We study the restriction of tautological sheaves to Kummer varieties and obtain non-trivial examples of stable sheaves on these manifolds.
The paper is organised as follows: We begin in Section 1.1 by collecting known results on the geometry of hilbert schemes of points on a surface and prove a few technical lemmata used in the sequel. Next, in Section 1.2 we introduce the main objects of this article, the tautological sheaves. In Section 1.3 we introduce polarisations on the Hilbert schemes and compute the slopes of tautological sheaves with respect to these polarisations. In Chapter 2 we analyse destabilising subsheaves of tautological sheaves on Hilbert schemes of three or more points. The case of abelian surfaces is treated in Chapter 3. We start by computing the Picard group and intersection numbers for the Hilbert schemes of two (Section 3.1) resp. three (Section 3.2) points on an abelian surface. Next we transfer the results on stability of tautological sheaves from regular surfaces to abelian surfaces (Sections 3.3 and 3.4). Finally, we prove stability of the restriction of certain tautological sheaves to the Kummer surface (Section 3.5) and the generalised Kummer variety of dimension four (Section 3.6). We conclude the paper by studying deformations of tautological sheaves in Chapter 4. We show that the moduli spaces of tautological sheaves can be singular in Section 4.2 and investigate in which way we may deform tautological sheaves together with the underlying manifold in Section 4.3.
Notations and conventions
• The base field of all varieties and schemes is the field of complex numbers.
• For the intersection product inside the Chow or cohomology ring of a smooth variety we write either l.m or l · m, for classes l and m, or we will just use juxtaposition lm.
• A polarisation on a variety X is the choice of a class H inside the ample cone Amp(X).
• A sheaf on a variety X is a coherent O X -module.
• We write ∼ = to indicate an isomorphism of abelian groups, vector spaces and varieties. We use ≃ for isomorphisms of sheaves.
• All functors such as pushforward, pullback, local and global homoorphisms and tensor product are not derived unless mentioned otherwise.
• Let G be a finite group acting on a smooth projective variety X. Let f : X → X/G be the quotient. If L is a G-equivariant line bundle on X, the pushforward f ⋆ L inherits the G-linearisation. Since G acts trivially on X/G, we can define L G to be the sheaf of G-invariant sections of f ⋆ L, which is a line bundle on X/G. Conversely, the pullback gives a homomorphisms f ⋆ : Pic(X/G) → Pic G (X) to the group of G-linearised line bundles on X. This map is injective and its image coincides with line bundles L such that for every x ∈ X the stabiliser group G x acts trivially on the fibre L x (cf. [KKV89] ). Finally, by taking first Chern classes, for every class l in NS X we can define a class l G ∈ NS(X/G).
• Let Y be a smooth projective variety Y and E a vector bundle. There is an extension
• Furthermore, we use the following notation:
− relative canonical sheaf of a morphism f td X − Todd class of a variety X td f − Todd class of the relative tangent bundle of a morphism f c i − i-th Chern class H * − cohomology ring of a variety or collection of all cohomology groups of a sheaf NS X − Néron−Severi group of a variety X Pic X − Picard group of X (−) Sn − invariant part with respect to the S n -action S n X − n-th symmetric product of the variety X S n V − n-th symmetric product of the vector space
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Preliminairies
Throughout this chapter we consider a smooth projective surface X together with a polarisation H ∈ NS(X).
Geometric Considerations
For n = 2 the geometry of the Hilbert scheme points on a surface is very well accessible:
is the blowup of the symmetric square S 2 X along the diagonal. If n > 2, the situation is much more delicate. An important fact is that the Hilbert−Chow morphism ρ n : X [n] → S n X is no longer a global blowup morphism. But following [Beau83] , we see that outside codimension two subschemes ρ n is the blowup of the big diagonal. This is important, especially if we want to determine the Picard group of the Hilbert scheme. Nevertheless, the geometry of Hilbert schemes has been intensively studied. Let us summarise the most important results.
Following [EGL01, Section 1], we consider the following diagram:
Here we denote by
the universal subscheme and by
the so-called nested Hilbert scheme.
We have the flat degree n covering p n : Ξ n → X [n] which is, in fact, the restriction of the second projection X ×X [n] → X [n] . Furthermore, X [n−1,n] is ismorphic to the blowup of X × X [n−1] along the universal subscheme Ξ n−1 . Denote this blowup morphism by σ n and the projections from X × X [n−1] to X [n−1] and X by p n−1 and q n−1 , respectively. By [ES98, Prop. 2.1] the second projection ψ n :
factors through Ξ n and from [Hai01, Prop. 3.5.3] it follows that w n is an isomorphism outside codimension four subschemes. Thus the morphism ψ n is flat outside codimension four. Finally, we have
Proof. This is a consequence of the geometric considerations in Section 2 of [EGL01] . We introduce the following notation: Set
These maps fit into the following diagram, where π is the first projection:
Using this notation, we can write sequence (6) from [EGL01] as follows:
To this sequence we want to apply π ⋆ . First note that π • j = id X [n−1,n] . Furthermore, we have a commutative diagram
Remark 1.4. We leave it to the reader to formulate and prove the analogous result to the lemma above for line bundles instead of cohomology classes.
Finally, let us also consider the case that our surface is an abelian surface A. We have the group law s n : A n → A which factors throughs n : S n A → A and we denote the
Thus we have embeddings
Remark 1.5. As one can easily see from the Künneth decomposition, the class l Mn is linearly independent of the summand (NS A) ⊞n inside NS A n .
Finally, let us briefly introduce the generalised Kummer varieties. If one mimics the construction of Hilbert schemes to the case of abelian surfaces, one again obtains Ricci flat manifolds. But they are not simply connected and contain additional factors in the Beauville−Bogomolov decomposition. To get rid of these factors we consider (for an abelian surface A) the fibre
n (0) and call it generalised Kummer variety. It is a (2n−2)-dimensional irreducible symplectic manifold (cf. [Beau83] ). In the case n = 2 this just gives the Kummer surface KmA.
Note that some authors (e.g. [Beau83] ) use the notation K n for the generalised Kummer variety of dimension 2n. We will use the notation introduced above which is also used in [Huy99] .
Tautological Sheaves
Let us give the definition of tautological sheaves, the objects of main interest in this article. Fix a sheaf F on X and recall that there is the universal subscheme Ξ n ⊂ X × X [n] . Furthermore we have the two projections p n : X × X [n] → X [n] and q n :
Definition 1.6. The tautological sheaf associated with F is defined as
Remark 1.7. Very important for the study of tautological sheaves is the following observation: The universal subscheme Ξ n and the nested Hilbert scheme X [n−1,n] are isomorphic outside codimension four subschemes (cf. Section 1.1). Let U denote the open subset where they are actually isomorphic. The restrictions of q ⋆ n F and σ ⋆ n q ⋆ n−1 F to U are naturally isomorphic. Thus the restriction of F [n] to the image
Hence we can use F [n] instead of F [n] as long as we want to study properties that are not sensible with respect to modifications in codimension four. In the case n = 2 we, in fact, have
The restriction of p n to Ξ n is a flat covering of degree n. Hence the following lemma:
Lemma 1.8. If F is locally free (torsion-free, resp.), so is F [n] . If F has rank r, then F [n] has rank nr.
Proof. [Scal09b, Rem. 2.5 and Lem. 2.23].
Lemma 1.9. Let F be a locally free sheaf on X. Then
Lemma 1.10. We have the following formula for the first Chern class of F [n] :
Theorem 1.11. For every sheaf F and every line bundle L on X we have
We continue by stating Krug's formula for the extension groups of tautological sheaves: Theorem 1.12. Let F and E be sheaves and L and M be line bundles on X. We have
Proof. [Kru11, Thm. 6.17].
Krug also gave a description how to compute Yoneda products on these extension groups (cf. [Kru11, Sect. 7]). The general formulas are extremely long. We will give a more detailed account on them as needed.
Let us finish this section by deriving a special case of formula (2).
Corollary 1.13. Let X be a K3 surface and let F be a sheaf on X satisfying h 2 (F ) = 0. Then we have
Remark 1.14. From these equations we can deduce that tautological sheaves F [2] associated with stable sheaves F ≃ O X are always simple: By Serre Duality a stable sheaf F ≃ O X on a K3 surface satisfies either h 2 (F ) = 0 or h 0 (F ) = 0 and by twisting with a suitable line bundle we may assume that h 2 (F ) = 0. This is a first indication that tautological sheaves might be stable.
Polarisations and Slopes
In this section we shall talk about polarisations on the Hilbert scheme of points on a surface. In general the ample cone of these varieties is not completely known. Nevertheless, if we fix a polarisation H on our surface X, we will define polarisations H N on X [n] , depending on H and an integer N.Furthermore, we shall derive and discuss the slopes of tautological sheaves with respect to these polarisations. This will be important when we want to study the stability of these sheaves in Chapters 2 and 3.
Fix a smooth projective surface X and an ample class H ∈ NS X. For any integer N we consider the class
Theorem 1.17. Let F be a rank one torsion-free sheaf on X satisfying det F ≃ O X . Then for N sufficiently large,
Theorem 1.18. Let F be a rank two µ H -stable sheaf on X and assume det F ≃ O X . Then for N sufficiently large,
Next, we want to compute slopes of tautological sheaves also in the case n > 2. Hence we need to compute intersection numbers. We have the following general result: Lemma 1.19. Let l be a class in NS X. We have
where on the right hand side of (4) we consider the intersection in NS X.
Proof. Both l X [n] and H X [n] are pullbacks from S n X along the Hilbert−Chow morphism. We pull back along the n!-fold covering X n → S n X and obtain the classes l ⊞n and H ⊞n , respectively. We have
In order to prove (5), it is certainly enough to show that
We will use an induction argument. For n = 2, equation (6) reads
Corollary 1.20. Let L be a line bundle on X with first Chern class l and F a sheaf of rank r and first Chern class f. We have the following expansions for the slopes of F [n] and L with respect to H N :
If X = A is an abelian surface, there is another candidate for a polarisation. Recall that we have a summation morphism m n : A [n] → A and at least one additional summand in NS A [n] containing (NS A) Mn . As will be explained in Lemma 3.7, classes in (NS A) Mn have degree zero with repect to the polarisation H N , which turns out to be inconvenient for the proof of stability of tautological sheaves. To circumvent this issue we will consider the following polarisation: 
Higher n
In this chapter we try to generalise the results on destabilising line subbundles in [Wan12, Sect. 3] to higher n. From this generalisation we will be able to prove the stability of rank three tautological sheaves on X [3] . In this chapter we fix a polarised regular surface (X, H).
Let F be a torsion-free µ H -stable sheaf on X. Denote its rank by r and its first Chern class by f . We want to show that the associated tautological sheaf F [n] on X [n] has no destabilising subsheaves of rank one. We will first assume that F is reflexive, i.e. locally free. Thus we may assume that a destabilising rank one subsheaf of F [n] is also reflexive, that is, a line bundle.
Proposition 2.1. For sufficiently large N, there are no µ H N -destabilising line subbundles in F [n] of the form L X [n] , (L ∈ Pic X), except the case r = 1 and L ≃ F ≃ O X .
Proof. Denote the first Chern class of L by l. Using Scala's calculations of cohomology groups of tautological sheaves with twists as stated in Theorem 1.11 we can immediately deduce the following formula for homomorphisms from line bundles of the form L X [n] to tautological sheaves F [n] :
Let us first assume r > 1. Since F is µ H -stable, we have necessary conditions for the existence of a line subbundle of F [n] :
The first inequality is due to the stability of F and the second comes from the fact that if a line bundle has a section, its first Chern class has non-negative intersection with any ample class H. If L X [n] ⊂ F [n] is destabilising, by Corollary 1.20 we must have
But this is certainly a contradiction to (7). If r = 1, we can proceed as above but additionally have to consider the special case L ≃ F , i.e. l.H = f.H. The destabilising condition together with l.H ≤ 0 immediately yields l.
Similarly to the proof of Proposition 4.1 in [Wan12] we can deduce the following lemma:
Lemma 2.2. For all locally free sheaves G and H on X × X [n−1] and all a ∈ Z we have:
Now we consider arbitrary line subbundles L X [n] ⊗ O(aδ n ), L ∈ Pic X, a ∈ Z, and show that we can reduce to the case of Proposition 2.1:
, Then for any locally free sheaf F on X we have
Proof. We use Remark 1.7, adjunction, the recursive formulas in Corollary 1.2 and Lemma 1.3, Remark 1.4, Lemma 2.2 above and, finally, the Künneth formula:
Now we can use induction to conclude. The initial step for n = 2 is, again, settled by similar arguments as in [Wan12, Prop. 4 .1].
We are ready to prove the first main result of this section.
Proposition 2.4. Let F be a torsion-free µ H -stable sheaf on X. Assume that its reflexive hull F ∨∨ ≃ O X . Then F [n] does not contain µ H N -destabilising subsheaves of rank one for all N ≫ 0.
Proof. If F is locally free, we can simply apply Proposition 2.1 and Lemma 2.3 above. If F is not locally free, we proceed as usual in order to reduce to the locally free case:
Let E := F ∨∨ be the reflexive hull of F . It has the same rank and first Chern class and is a locally free µ H -stable sheaf. Thus we get an injection of F [n] into the locally free tautological sheaf E [n] which again has the same rank and first Chern class. Now we can apply the lemmata above. Note that every destabilising subsheaf of F [n] also destabilises E [n] .
Since the tautological sheaf on X [3] associated with a rank one sheaf has rank three, the above proposition is enough to show that these sheaves are stable (except O
X , of course).
Theorem 2.5. Let F be a torsion-free rank one sheaf on X satisfying det F ≃ O X . Then for all sufficiently large N the associated rank three sheaf
Proof. As usual we can reduce to the case that F is locally free. We have seen that F
[3] cannot contain destabilising subsheaves of rank one. But any destabilising subsheaf of rank two yields a rank one destabilising subsheaf of the dual sheaf. Using Lemma 1.9 we are done.
Abelian Surfaces and Generalised Kummer Varieties
In this Chapter we study the stability of tautological sheaves on Hilbert schemes of points on abelian surfaces and their restrictions to the associated generalised Kummer varieties.
3.1 Geometric Considerations: n = 2
As explained already at the end of Section 1.1, for abelian surfaces A the structure of the Néron−Severi group of NS A [n] is more complicated as in the case of regular surfaces. In order to prove the stability of tautological sheaves nevertheless, we will restrict to the case of principally polarised abelian surfaces (p.p.a.s.) (A, H) of Picard rank one. We begin with a technical lemma:
Lemma 3.1. Let A and A ′ be complex tori. Then we have an isomorphism of abelian groups
where A denotes the dual torus.
Proof. The proof of this lemma was pointed out to me by H. Ohashi. The Künneth formula yields a decomposition of NS(A × A ′ ) into direct summands, two of which are naturally isomorphic to NS(A) and NS(A ′ ), respectively. The remaining summand can be written as
We can interpret
) and so we see that (8) is just the set of morphisms of integral Hodge structures
Denote by s : A × A → A the group law. An important role will play the class
, which is called the Mumford class associated with H. By Lemma 1.5 it is linearly independent from the summand (NS A)
⊞2 inside NS(A × A). We will restrict to a certain (large) set of p.p.a.s.:
A is a p.p.a.s. such that
Lemma 3.2. The class of abelian surfaces satisfying condition (⋆) is the complement of a countable union of analytic subsets in the moduli space A 2 of principally polarised abelian surfaces.
Proof. It is well known that the set of abelian surfaces of Picard rank one is very general in A 2 (cf. [BL92, Exerc. 1a), p. 244]). So we can assume NS A ∼ = ZH, where H is a principal polarisation. For the second assertion note that we always have NS A ⊞2 ⊂ NS(A × A) and there is at least one additional summand containing the class H M . In order to show that for a very general abelian surface no more summands show up, we use Theorem 9.1 in [BL92] (or Theorem 4.7.1 in [Ara] ) -both stating that a very general A satisfies Hom(A, A) ∼ = Z -and Lemma 3.1 above. Finally, let us show that the class H M is primitive. By Lemma 3.1 it is certainly enough to prove that H M corresponds to the identity in Hom(A, A). To the class H we can associate the homomorphism
which is an isomorphism since H is a principal polarisation and it yields an identification Hom(A, A) ∼ = Hom(A, A). Furthermore, on A × A we have the Poincaré line bundle P.
Altogether we can describe the inclusion Hom(A, A) ֒→ NS(A × A) as follows:
Finally, equation (9.8) in [Huy06, Chapt. 9] says that
Remark 3.3. By the considerations on Page 198 in [Huy06] we see that the first Chern class of (id A × ϕ H ) ⋆ P is contained in the Künneth summand H 1 (A, Z) ⊠2 . Thus the identity
Proof. For details of the geometry of the Hilbert schemes of two points on a surface we refer to Section 1 in [Wan12] . The Corollary follows easily from the assumption (⋆) and the fact that
We continue by deriving intersection numbers and slopes for the case n = 2.
Lemma 3.5. We have the following identities in H 8 (A × A, Z) ∼ = Z:
Proof. The first equality is true for all p.p.a.s. A if and only if it is true for one. Thus we may choose A to be the product of two elliptic curves E and E ′ and we represent H by E × {0} + {0} × E ′ . We shall prove the lemma by replacing this representation of the class H by appropiate translates such that the intersection (9) becomes transversal and then calculate the set-theoretic intersection. Thus let x 1 , x 2 and y 1 , y 2 be points on E and E ′ , respectively. For all but a finite number of choices of these four points, the following intersection in A × A = (E × E ′ ) × (E × E ′ ) is transversal:
2 H = (0, y 2 , x 1 , 0), (0, y 1 , x 2 , 0), (x 1 , 0, 0, y 2 ), (x 2 , 0, 0, y 1 ) .
The other equalities can be proven in the same way.
Corollary 3.6. We have
Proof. The first equality follows directly from the lemma above. Furthermore, we have (
Intersecting with H ⊗ H yields
In the case of regular surfaces we used the polarisation H N := NH X [2] − δ. The following lemma indicates that this polarisation is not the ideal choice in the abelian surface case. Note that in analogy to the definition of the Mumford class we defined
Lemma 3.7. We have the following expansion:
Proof. We pullback along the double cover ψ :
Now we use (10) in Corollary 3.6 and we are done.
Thus the leading term in the expansion of the slope of a line bundle with first Chern class H m is zero.
In Lemma 1.21 we defined the polarisation H Lemma 3.8. We have the following expansions:
Proof. First observe that by definition
Therefore, we will only prove the first two equalities. Note that we have
Using Lemma 3.5, we have
For the second equality we use Corollary 3.6: We do not have to consider the term 3(H 2 ⊗ H + H ⊗ H 2 ) in the expansion (11). Thus we have
Geometric Considerations: n = 3
Now we turn to the case n = 3 which is not essentially different from the case n = 2 but the calculations are somewhat more difficult. We still assume that (A, H) is an abelian surface satisfying (⋆). We denote the projections A 3 → A by π i , i = 1, 2, 3 and the projections A 3 → A 2 by p jk , 1 ≤ j < k ≤ 3. If A satisfies (⋆), a similar analysis as in Lemma 3.1 yields
Recall that we defined our polarisation H m N as follows:
In order to calculate slopes of sheaves on A [3] , we need to have an expansion of certain intersection products in terms of N.
Lemma 3.11. We have:
Now we resubstitute m
Altogether we have
which, by the stability of F , has to vanish since the destabilising condition implies a 1 + b > Proof. Let L ′ be a destabilising line subbundle of F [2] . We write its pullback
As usual, by adjunction we get a homomorphism L → r ⋆ 1 F . By Lemma 3.8 the destabilising condition on L yields
which implies that L satisfies the tautological destabilising condition from Proposition 3.13.
This result on destabilising line subbundles suffices to prove the stability of rank two locally free tautological sheaves. We use the same argument as in the proof of Proposition 2.4 to generalise to the torsion-free case. Next, we prove the analogue of Theorem 1.18. Since the proof is almost the same, we only touch upon the crucial parts. Proof. As above we may assume that F is locally free. We write c 1 (F ) = f H, f ∈ Z. Let E be the maximal destabilising sheaf of F [2] . Write c 1 (E) = eH A [2] + gm ⋆ H + aδ, e, g, a ∈ Z. We only consider the case that E is of rank two. We use the same notation as in the proof of Theorem 1.18:
If rk ker β = 0, we must have that
has a section. From this we deduce that either a < 0 and det F ≃ O A (which we excluded) or a ≤ 0 and the class
on A × A is effective and nonzero. This time the evaluation against the polarisation ψ ⋆ H m N gives a contradiction to the destabilising condition on E. If rk ker β = 1, we write c 1 (im β) = l 1 H ⊗1 + 1 ⊗l 2 + hσ ⋆ s ⋆ H + bD with l 1 , l 2 , h, b ∈ Z. The semistability of E yields 2e + g ≤ 2(l 1 + l 2 + h) and the destabilising condition on E implies 2e + g ≥ f.
Thus we found a line bundle in r 
Abelian Surfaces: n = 3
In this section we prove the following result:
Theorem 3.18. Let A be a p.p.a.s. satisfying (⋆) and let F be a rank one torsion-free sheaf on A satisfying det F ≃ O A . Then for all N sufficiently large
We denote the projection A 3 → A to the i-th factor by π i and -in analogy to the case n = 2 -we begin by analysing line subbundles of the sheaf π Proof. Again, we distinguish three cases:
Now, exactly as in b) above we get a contradiction to Proposition 3.13: The first Chern class of L ′′ is a(H ⊞ + s ⋆ H) and by assumption we have f r ≤ 3a + b < 3a.
⋆ 1 F . Now by Lemma 3.11 the destabilising condition on L reads 3a + b ≥ f, which exactly corresponds to the tautological destabilising condition of Proposition 3.19.
Restriction to the Kummer Surface
In Section 3.3 we proved the stability of tautological sheaves on the Hilbert scheme of two points on an abelian surface A. This Hilbert scheme contains the Kummer surface KmA associated with A. Recall that KmA is a K3 surface. In this section we shall prove the stability of the restriction of certain tautological sheaves to the Kummer surface. Throughout this Section we fix an arbitrary(!) polarised abelian surface (A, H).
Let us recall the famous Kummer construction. The natural involution on A given by the inverse ι : a → −a has 16 fixed points (which are exactly the 16 two-torsion points). Thus if we blow up the 16 A 1 -singularities in A/ι, we obtain a smooth surface which can easily be shown to be K3. It is the so-called Kummer surface KmA associated with A.
An alternative construction of KmA goes as follows: Let b :Ã → A denote the simultaneous blowup of all fixed points of the involution ι on A and denote by E 1 , . . . , E 16 the exceptional divisors. OnÃ we still have an involution which fixes the E l pointwise. We consider the quotient τ :Ã → KmA which is a degree two covering onto the associated Kummer surface. By [BHPV04, VIII Prop. 5.1] we have a monomorphism
We have an inclusion of finite index
where N l = τ (E l ). It is well known that E 2 l = −1 and N 2 l = −2. Furthermore, the class l N l is 2-divisible and we have τ ⋆ (
We consider the following diagram:
where we define u(x) := (x, −x) and j as the pullback of u and σ. With this convention we have π 1 • u = id A . Finally, note that since ψ is flat, we have j
on KmA, which is ample for sufficiently large N. Recall that on
Set g := c 1 (G). Note that since L comes from KmA, the line bundle G has to be symmetric, i.e. ι ⋆ G ≃ G.
Corollary 3.25. Let L be a line bundle on KmA as above. We have
Proof. We pullback all classes toÃ: Note that τ ⋆ (
Finally, we have to divide everything by two because we pulled back along a degree two covering. Proof. Let L be a destabilising line subbundle of F Km . Again, we can write
for a symmetric line bundle G ∈ Pic A. The destabilising condition yields
As usal we use adjunction
This gives a contradiction to Proposition 3.23 but in the case r = 1, G ≃ F . But this cannot be since F was chosen not to be symmetric.
We immediately deduce:
Theorem 3.27. Let F be a non-symmetric rank one torsion-free sheaf on A. Then for all N sufficiently large, l N l is primitive. Hence M is smooth of dimension two. Since F Km ≃ (ι ⋆ F ) [Km] , this map is two-to-one. Furthermore, let us consider the case that F is symmetric, i.e. F ∈Â [2] . We concentrate on the case F = O A . We have extensions
, which is not stable. On the other hand one can show that every nontrivial extension is µ H -stable, which can be proven as in Lemma ??. The vector space of extensions E is two-dimensional and thus we have a P 1 ⊂ M parametrising the E. Altogether we see that M is isomorphic to the Kummer surface KmÂ of the dual abelian surfaceÂ.
If F has nontrivial first Chern class f ∈ NS A, we may choose a symmetric line
Thus the moduli space containing F Km is isomorphic to KmÂ, too. But by [GH98, Thm. 1.5] the Kummer surfaces KmA and M ∼ = KmÂ are isomorphic.
We finish the section by proving the analogue of Theorem 1.18.
Theorem 3.29. Let F be a µ H -stable rank two sheaf on A such that det F is not symmetric. Then F Km is a µ H N -stable rank four sheaf on KmA.
Proof. We exactly imitate the proof of Theorem 1.18. Assume that F is locally free and let f := c 1 (F ). Let E be a reflexive semistable rank two subsheaf of F Km and write c 1 (E) = α(e) + l a l N l . The destabilising condition thus implies 2H.e ≥ H.f.
We have a homomorphism β : τ ⋆ E → b ⋆ F . Again, the only difficult case is when ker β = 0: If the first Chern class of the Q := coker β is trivial, we see that the homological dimension of Q is 2. Since b ⋆ F is locally free, this would contradict the fact that τ ⋆ E is reflexive. Thus Q = 0 and β has to be an isomorphism. But since τ ⋆ E is symmetric and F is not, we are done.
If there is an effective divisor with first Chern class c 1 (Q), the line bundle
must have a section. Hence either a l < 0 ∀l and det F ≃ O A (which we excluded) or a l ≤ 0 ∀l and H.f > 2H.e which contradicts the stability condition.
Generalised Kummer Varieties of Dimension Four
Let (A, H) be a p.p.a.s. satisfying (⋆) and let A [3] be the Hilbert scheme of three points on A. In this section we prove some results concerning the stability of the restriction of tautological sheaves to the four dimensional generalised Kummer variety j :
contribution of this summand in M ′ and by a similar reasoning as in [Wan12, Prop. 3 .1] we can reduce to the case where we have no contribution of the δ 3 -summand neither. Thus there is, in fact, a line bundle M on A such that M ′ ≃ M A [3] . Let l ∈ Z be such that lH = c 1 (M).
We consider the following two diagrams:
& & ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲s and K 3 (A) is the strict transform of B along σ 3 . In the left diagram we used the abreviations ψ and σ to denote id A × ψ and id A × σ, respectively.
Note that ψ 3 is flat outside codimension four and thus its restriction ψ
In order to proceed, we choose an isomorphism s Denote by v [n] ∈ H * (X [n] , Q) the Mukai vector of F [n] . The assignment
We shall mainly discuss the case n = 2. Let us prove the following lemma which shows that [−] [2] is injective on closed points.
Lemma 4.1. For every sheaf F on X we have
Thus we can reconstruct the original sheaf F from the tautological sheaf F [2] .
Proof. Recall that we have an exact sequence on X × X (cf. Propostion ??):
We tensor this sequence with the structure sheaf of the diagonal ∆ ⊂ X × X. Of course we have π
By Proposition 11.8 in [Huy06] we find
Remark 4.2. If we tensor (21) with O ∆ as above, the first terms of the resulting long exact Tor-sequence yield a short exact sequence
It is not clear if this exact sequence is split or if it is equivalent to the natural extension corresponding to the Atiyah class of F .
Let us consider a stable sheaf F on a K3 surface X. The stability implies that either 
The additional deformations are isomorphic to
Corollary 4.5. Let F be such that h 1 (X, F ) = 0. Then we have a local isomorphism of the corresponding moduli spaces.
The Additional Deformations and Singular Moduli Spaces
In the last section we have seen that the surface deformations of tautological sheaves are unobstructed. This is not true for all deformations. Indeed, in this section we will give an explicit construction of an example of a sheaf F on an elliptically fibred K3 surface such that F [2] is stable and the corresponding point in the moduli space is singular.
To prove this statement let us recall the most basic properties of the Kuranishi map: The general idea of the deformation theory of a stable sheaf F is that infinitesimal deformations are parametrised by Ext 1 (F , F ) and the obstructions lie in Ext 2 (F , F ). This is formalised by the so-called Kuranishi map. More precisely it can be shown that there is a map κ : Ext 1 (F , F ) → Ext 2 (F , F ) such that the completion of the local ring of the point of the moduli space corresponding to F is isomorphic to the local ring of κ −1 (0) in 0. In general there is no direct geometric description of the Kuranishi map but it is known that the constant and linear terms of the power series expansion of κ vanish and that its quadratic part is given by κ 2 : Ext
(e • e). For a K3 surface this quadratic term always vanishes since it is exactly the Serre duality pairing which is known to be alternating. But if we consider a tautological sheaf F
[2] the quadratic part of the Kuranishi map may be non-trivial. This would correspond to the existence of a quadratic part in the equation of the tangent cone of the point in the moduli space corresponding to F [2] . Consequently, the tangent cone would be strictly smaller than the tangent space and we would end up with a singularity.
Example 4.7. Let X be an elliptically fibred K3 surface with fibre class E and section C. Consider the line bundle G := O(kF ), k ≥ 2. We have h 0 (G) = k + 1 and h 1 (G) = k − 1. Certainly G is stable and the moduli space is a reduced point. The rank two tautological sheaf G [2] is also stable and the tangent space of its moduli space at the point corresponding to G
[2] is isomorphic to H 0 (X, G) ⊗ H 1 (X, G) ∨ , which has dimension k 2 − 1. The quadratic term of the Kuranishi map vanishes identically but it is not clear if we can deform G
[2] along any of these infinitesimal directions.
Example 4.8. We continue with the same elliptic K3 as above. From [?] we learn that the linear system of the line bundle L with first Chern class C + kE has C as a base component for k ≥ 2. We have h 0 (G) = k + 1 and h 1 (G) = 0. Now let p be a point on the curve C and denote by I p the corresponding ideal sheaf. We set F := L ⊗ I p . Certainly F is a torsion-free rank one sheaf with nonvanishing first Chern class. ).
Therefore let us use Krug's formula (3) in Corollary 1.13 to write down the extension groups explicitly. Note that h 2 (F ) = 0.
According to this decomposition we can decompose the Yoneda square as well following the detailed formulas in [Kru11, Sect. 7]:
Hence we need to show that the map
is not the zero map. The geometric interpretation of this map is the following: Let e ∈ Ext 1 (F , F ) be an infinitesimal deformation of F and ϕ ∈ H 0 (F ) be a global section. Then ϕ • e is zero if and only if we can deform the section ϕ along e.
It is time to return to the geometry of our example. Since p is on the base curve C, we have H 0 (F ) ∼ = H 0 (L). The deformations of F are those of I p , which correspond to deforming the point p in X. Now if we deform p into a direction normal to C, the space of global sections will shrink since the point will fail to be a base point of L and thus we can find a section ϕ ∈ H 0 (F ) that does not deform with e.
The Zariski tangent space is (k + 3)-dimensional and we can explicitly derive the quadratic equation of the tangent cone. It is equivalent to the intersection of a plane (corresponding to the surface deformations) and a hyperplane (the additional deformations and the curve C) in a line (the curve C).
Deformations of the Manifold X [n]
A question which has not been touched so far, is the following: The manifold X [n] has an unobstructed deformation theory. Does the tautological sheaf F [n] deform with X [n] ? The technique to answer this question is presented in [?] . We can summarise as follows: which -up to a sign -commute with the Yoneda product. Furthermore, it is well known that tr(At(E)) = c 1 (E) and tr(ob(κ, E)) = ob(κ, det E) Applying this theorem to our situation, we get the following picture: The tangent space of the Kuranishi space at the point corresponding to X [n] is isomorphic to H 1 (X [n] , T X [n] ) ∼ = H 1 (X [n] , Ω X [n] ) ∼ = H 1 (X, Ω X ) ⊕ Cδ n .
